Spirals, Tic-Tac-Toe Partition, and Deep Diagonal Maps

Zhengyu Zou

May 30, 2025

Abstract

The deep diagonal map T}, acts on planar polygons by connecting the k-th diagonals
and intersecting them successively. The map 75 is the pentagram map, and T} is a
generalization. We study the action of T} on two subsets of the so-called twisted poly-
gons, which we term type-a and type-8 k-spirals. For k > 2, T}, preserves both types
of k-spirals. In particular, we show that for k = 2 and k = 3, both types of k-spirals
have precompact forward and backward Tj-orbits modulo projective transformations.
We derive a rational formula for T3, which generalizes the y-variables transformation
formula by M. Glick and P. Pylyavskyy. We also present four algebraic invariants of 73.
These special orbits in the moduli space are partitioned into cells of a 3 x 3 tic-tac-toe
grid. This establishes the action of T} on k-spirals as a geometric generalization of 15
on convex polygons.

1 Introduction

1.1 Context and Motivation

Given a polygon P in the real projective plane, let T} be the map that connects its k-th
diagonals and intersects them successively to form another polygon P’ whose vertices are
given by the following formula:

Pil = PszJrk N Pi+1Pi+k+1- (1)

Figure 1 demonstrates an example of the action of T; on a convex heptagon. The map 75
is called the pentagram map, a well-studied discrete dynamical system (see | : :

; ). A well-known result is that T, preserves convexity.! The Ty-orbit of a
convex polygon sits on a flat torus in the moduli space of projective equivalent convex
polygons. On the other hand, the geometry of the map T} is less well-behaved. For k& > 3,
the T}, images of convex polygons may not even be embedded. See Figure 1 for an example
of T3 taking a convex heptagon to a polygon that is not even embedded.

Previous results of T}, often had an algebraic and combinatorial flavor, motivated by two
branches of studies. The first one was a sequence of works | : : : ]

LA projective polygon is conver if some projective transformation maps it to a planar convex polygon in
the affine patch



Figure 1: Left: The iterative images of a convex heptagon under the action of T5. Right: A
convex heptagon whose image under 73 is not even embedded.

that established that the T action on the moduli space of projective convex polygons is a
discrete completely integrable system; the second one was M. Glick’s discovery in [ | of
the connection between T, and cluster algebra. In | ], M. Gekhtman, M. Shapiro,
S. Tabachnikov, and A. Vainshtein generalized the cluster transformations in [ ] to
the map T}, acting on so-called “corrugated polygons,” which are polygonal curves in RP*
satisfying certain coplanarity conditions. [ | showed that T} is a discrete integrable
system. There are numerous integrability results for these higher-dimensional analogs. See
[ ; ; ; ; |. These led to many applications and connections of

Ty to other fields, such as octahedral recurrence | ; |, the condensation method
of computing determinants | : ], cluster algebra | : : : ],
Poisson Lie groups | ; ], T-systems | ; |, Grassmannians | ],
algebraically closed fields | ], Poncelet polygons | : : : ], and

integrable partial differential equations | : : .

The geometric aspects of T}, and other deep diagonal maps on planar polygons remain
underexplored. There are only a few studies on the geometries of T} that focused on small
k or polygons with many symmetries. See [ ; |. There is no established general
framework on the type of geometric properties preserved under T} for £ > 3 that is analogous
to convexity under T5. Even less is known for geometric objects that have precompact orbits
under Tj,.

The most relevant result to this endeavor is the discovery of k-birds under the map Ay
in [ ]. A k-bird P is a planar n-gon with n > 3k, such that there exists a path P
connecting P to the regular n-gon where the four lines

t t t t t t t t
POPS, PORY. POPD. POPEL

are distinct for all i = 1,...,n and ¢ € I. The map Ay connects the (k + 1)-th diagonal of a
polygon and intersects the diagonals that are k clicks apart. See Figure 2 for the action of
Ay on 2-birds. In | |, R. Schwartz showed that the k-birds are invariant under both
Ay and A,;l. Experimentally, the k-birds seem to have toroidal orbits under Ay, which
highly resembles the orbit of convex n-gons under 75. Schwartz also showed that the k-birds
have precompact forward Ag-orbits modulo affine transformations—a property satisfied by
convex n-gons under T5.



Figure 2: Action of Ay on two heptagons that are 2-birds.

This paper has two main results. The first one is the discovery of two classes of geometric
objects called type-a and type-3 k-spirals that are preserved under T} for all £ > 2. These
two classes of objects are subsets of twisted polygons: bi-infinite sequences P : Z — RIP? such
that no three consecutive points are collinear, and P, = ¢(F;) for some fixed projective
transformation ¢ called the monodromy. The moduli space of projective equivalent twisted n-
gons is conventionally denoted by P,,. The type-a and type-f k-spirals are the first discovered
classes of geometric constructions of Tj that generalize the pentagram map, which provides

crucial evidence for a more general understanding of geometrically preserved classes under
T.

The second result is the precompactness of both forward and backward Tj-orbits of type-
a and type-f k-spirals modulo projective transformations for k = 2 and s3, a key property
satisfied by convex polygons under the pentagram map discovered by Schwartz in | ].
We first examine the action of 75 on type-a and type-3 3-spirals. We show that one can
characterize type-a and type-f3 3-spirals via linear constraints on the corner invariants. We
also derive a birational formula of T} for the corner invariants, which is a generalization of the
combinatorial formulas developed by | |. Then, we present four global invariants under
T3, which we use to prove the precompactness of T3-orbits modulo. The birational formula for
T3 could be applied to other settings such as the action of T3 on Poncelet polygons | ]
or discovering T3-compatible Poisson structures on P, that generalizes the one in | ]
for corrugated polygons. For the case k = 2, we show that there exists no type-a 2-spirals
and that the type-f 2-spirals are distinct from closed convex polygons. We use the Casimir
functions of the Th-invariant Poisson structure developed in | ] and | | to show
that type-f 2-spirals have precompact Ty-orbits modulo projective transformations.

1.2 The k-Spirals under the Map 7Tj

Here we describe the geometric picture of a k-spiral. For the formal definition, see §3.1.
Geometrically, [P] € P, is a k-spiral if for all N € Z, we can find a representative P such
that {P;};,>n lies on the affine patch, and the triangles (P;, P;11, Piy2) and (P;, Piy1, Pivk)
have positive orientation for all ¢ > N. We call P an N -representative of [P)].

We are mainly interested in two types of k-spirals, which we term type-a and type-g
(although there certainly exist many more types of spirals, we only consider these two types
here). They are k-spirals with additional constraints on the arrangement of the four points
P, Py, Pk, Pryji1. For type-a spirals, we require Py to be contained in the interior of the



Figure 3: A gallery of 5-spirals. Left: Sg'5. Middle: 85’6)’ 3. Right: Sg 90- The red-shaded
triangles indicate the defining orientations and containment relations of type-a and type-f3
k-spirals..

triangle (P, Piy1, Piyky1). For type-f3 spirals, Piyj1 needs to be contained in the interior
of (P, Py1, Pirr). We say P is a type-a or type-3 N-representative. A class of twisted
polygons [P] is a type-a k-spiral (resp. () iff it admits a type-a (resp. ) N-representative
for all N € Z. Let S, and S,i ,, denote the space of type-a and type-3 k-spirals modulo
projective equivalence. We will see in §3.1 that they are both open in P, and hence have
dimension 2n. Figure 3 illustrates three examples of representatives of Sg',, for n = 3, and
20.

It turns out that S, and S,in are invariant under both 7}, and T, '. Figure 4 shows the

inward half of a representative P of [P] € Sg 4, with the red arc representing P’ = T5(P). On
the right we have five polygonal arcs by joining vertices of P that are 5 clicks apart. We call
them the transversals of P. One way to distinguish type-a and type-f spirals is by looking
at the orientations of transversals. The transversals of type-a spirals are counterclockwise,
whereas those of type- are clockwise (See Figure 11). In §3, we use the orientations of these
transversals to prove the following main theorem.

Theorem 1.1. For alln > 2 and k > 2, we have Tk(S,gin) = S,‘;n. The same is true for
type-B.

P

Figure 4: Left: T5 acting on a representative P of [P] € Sg 3. Right: Transversals of P.

A key property satisfied by convex polygons under the pentagram map is that the forward
and backward orbits of any convex polygon under the pentagram map are precompact modulo
projective tranformations. See | , Lemma 3.2]. Experimental results suggest that the k-
birds also have precompact Ag-orbits. In | , Conjecture 8.2] Schwartz conjectured that
the k-birds have precompact forward Aj-orbits modulo affine transformations. We observed



experimentally that S, and S,in behave analogously under 7.

Conjecture 1.2. Forn > 2 and k > 2, the forward and backward Ty-orbit of any [P] € S5,
1s precompact in P,. The same holds for type-f3.

In §6 and §7, we prove Conjecture 1.2 for k =2 and k = 3.

1.3 Tic-Tac-Toe Partition and Precompact 73 Orbits

Our main focus will be the case k = 3, which we prove in §6.2.

Theorem 1.3. Forn > 2, the forward and backward Ts-orbit of any [P] € S, is precompact
i Pn. The same holds for type-f3.

We discovered many properties of the two types of k-spirals and the map T3 along our way
to prove Theorem 1.3. One major discovery is that the sets S5, and 83',3 ,, fit well with a local
parameterization of P, — R*" introduced by | ] called corner invariants (See §2.4). The
invariant sets of P, under T3 are partitioned by linear boundaries in the parameter space.
The boundary lines give a grid pattern that resembles the board of the game “tic-tac-toe.”
Each of the four “side-squares” is invariant under T5.

0 1

Figure 5: The partition of R? into a 3 x 3 grid, and the four side-squares of our interest.

To construct the tic-tac-toe board, consider the three intervals I, J, K of R given by
I = (—00,0), J =(0,1), K = (1,00). The squares are of the form I x I, I x J, I x K,
J x I, etc.. We mark the four side-squares S, (I, J), S,(J, I), S,(K, J), Sp(J, K). See Figure
5 for a visualization of the tic-tac-toe grid. Given [P] € P, we say [P] € S, (I, J) if all even
corner invariants of [P] are in I, and all odd ones are in J. This means if we plot all n pairs
of corner invariants (zy;, Z2;11) onto R?, we would see n points lying in I x J. The other
three side squares are defined analogously.

Figure 6 shows vertices of a representative P of [P] € Sy(K, J) and the image P’ = T3(P).
On the right, we have the pI‘OJeCtIOH of the first 2!! iterations of the orbit of P under Tj.
Each point corresponds to P ) after normalizing (P(m P" m) P(m P )) to the unit square



Figure 6: Left: T3 acting on a representative of [P] € Sy(K,J). Right: The orbit of P?Em) in
A? by fixing P_y = (0,0), P, = (1,0), Py = (1,1), P, = (0, 1).

(here P™) = Ti"(P)). We speculate that the orbit lies on a flat torus, where the map T3
acts as a translation on the flat metric.

Twisted polygons that are assigned to these squares have geometric properties. For
example, the closed convex polygons always lie in the center square; two of the side-squares
are 85, and Sg ,; the other two side-squares are obtained by reverting the indexing of vertices

of these two types of k-spirals. These facts will be proved in §4.

The proof of Theorem 1.3 is algebraic. In §5 I show that 75 is a birational map on the
corner invariants, which generalizes a direct application of | , Theorem 1.6]. For the
explicit formulas, see Equation (19). In §6, I derive four algebraic invariants of T3, which
allow me to show boundedness of the corner invariants of the Tj-orbits, thereby proving
Theorem 1.3. This approach is reminiscent of Schwartz’s second proof of precompactness of
Ty-orbits of convex polygons in | , Section 3B & 3C].

1.4 The Type-3 2-Spirals and Its Precompact 75 Orbits

We now proceed to the case £ = 2, where the map T5 is the classical pentagram map. In
§3.1 we show that there exist no type-a 2-spirals (so Conjecture 1.2 is vacuously true for
type-a 2-spirals). On the other hand, type-/3 2-spirals are nontrivial geometric constructions
that are distinct from convex polygons. In §7.1, we show that the corner invariants of type-3
2-spirals are also partitioned by linear boundaries, and in particular S5, C Sg -

We point out that the type-3 2-spirals are not related to the pentagram spirals in | ].
The latter requires P to be a relabeling of T5"(P) for some positive integer m.

In §7.2, we use the Casimir functions of the T)-invariant Poisson structure on P, from
[ ] and | | to prove Conjecture 1.2 for k = 2.

Theorem 1.4. Forn > 2, the forward and backward Ty-orbit of any [P] € Sgn is precompact
m P,.



1.5 Obstacles for k£ > 3 and Future Directions

Our algebraic method of proving Theorem 1.3 and 1.4 requires a complete characterization
of the corner invariants of S, and SE,n and enough algebraic invariants of T} that uniformly

bounds the corner invariants away from the boundaries of S, and S,f’n. For k > 3, one runs
into obstacles for both endeavors. First, the corner invariants seem to be not partitioned
by linear boundaries for k£ > 3, which makes it difficult to analyze the boundaries of the
corner invariants of Sg,, and S,’i .- Next, the map 7} for the corner invariants seems not
birational from computer algebra. This makes it difficult to algebraically characterize the
corner invariants.

One future direction is to look at the cross-ratio of different combinations of points other
than the ones involved in the definition of corner invariants. In §8 we present a conjecture
on a potential algebraic invariant of T}, that is related to the y-variables of a Y-pin from
[ ], which corresponds to the map T} as in Equation (1).

Another direction is to analyze the two types of k-spirals geometrically. There are yet
many open problems on the geometry of the two types of k-spirals that could hint at the be-
havior of their Tj-orbits. For open problems, see the end of §3.1. Answering these geometric
problems may provide a new approach to tackle Conjecture 1.2.

1.6 Accompanying Program

I wrote a web-based program to visualize the orbits of twisted polygons under 7. Readers
can access it from the following link:

https://zzou9.github.io/pentagram-map /spiral.html

When reaching the website, you will see a representative of a twisted polygon displayed in
the middle of the screen (the default one is a square). You can click on the title “Pentagram
Map Simulator” for instructions on how to use the program. I discovered most of the results
by computer experiments using this program. The paper contains rigorous proofs of the
beautiful pictures I observed from it.
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2 Background

2.1 Projective Geometry

The real projective plane RIP? is the space of 1-dimensional subspaces of R3. Points of RIP?
are lines in R3 that go through the origin. We say that [z : y : 2] is a homogeneous coordinate
of V € RP? if the vector V = (x,y,2) is a representative of V. Given two distinct points
Vi, Vo € RIP?, the line | = V, V5 connecting V; and V5 is the 2-dimensional hyperplane spanned
by the two 1-dimensional subspaces. Let [y, I be two lines in RIP2. The point of intersection
[y Ny is the 1-dimensional line given by the intersection of the two 2-dimensional subspaces.
In RP?, there exists a unique line connecting each pair of distinct points and a unique point
of intersection given two distinct lines. We call a collection of points Vi, Va, ..., V, € RP? in
general position if no three of them are collinear.

The affine patch A? consists of points in RP? with homogeneous coordinate [z : y : 1].
We call this canonical choice of coordinate (z,y, 1) the affine coordinate of a point V € A2
There is a diffeomorphism @ : R? — A? given by ®(x,y) = [z : y : 1]. We often identify A?
as a copy of R? in RP2. The line RIP? — A2 is called the line at infinity.

A map ¢ : RP? — RP? is a projective transformation if it maps points to points and lines
to lines and is bijective. Algebraically, the group of projective transformations is PGL3(R) =
GL3(R)/R*I, where we are modding by the subgroup R*I = {A] : A € R*} and [ is the 3 x 3
identity matrix. We state a classical result regarding projective transformations below with
its proof omitted.

Theorem 2.1. Given two 4-tuples of points (Vi,Va, V3, Vi) and (Wy, Wy, W3, Wy) in RP?,
both in general position, there exists a unique ¢ € PGL3(R) such that ¢(V;) = W;.

The group of affine transformations Affo(R) on A? is the subgroup of projective transfor-
mations that fixes the line at infinity. It is isomorphic to a semidirect product of GLy(R) and
R2. Elements of Affy(R) can be uniquely expressed as a tuple (M’,v) where M’ € GLy(R)
and v € R% Let AffJ(R) denote the subgroup of Aff;(R) where (M’ ,v) € Affj(R) iff
det(M’) > 0. These are orientation-preserving affine transformations.

2.2 Orientation of Affine Triangles

Given an ordered 3-tuple (Vi, V5, V3) of points in R? or A2, let int(Vi, Vs, V3) denote the
interior of the affine triangle with vertices Vi, V5, V5. There is a canonical way to define the
orientation of an ordered 3-tuple. Let f/l be the affine coordinate of V;. We consider the
signed area O(Vy, Vs, V3) of the oriented triangle, which can be computed as

O(V1, Vo, Vs) = det(V3, Va, V). (2)

The determinant is evaluated on the 3 x 3 matrix with column vectors V;. We say an ordered
3-tuple (Vi, V5, V3) is positive if O(Vy, V,,V3) > 0. Figure 7 shows an example of a positive
3-tuple.
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Figure 7: A positive 3-tuple of affine points (V7, V3, V3).

Here is another way to compute O using the R? coordinates of V7, Vs, Va:

O(V1, Va, V3) = det(V1, Va) + det(Va, V3) + det(V3, 1)

3
=det(V; = Vi1, Viy1 = V;) fori=1,2,3 (3)

where the determinant is evaluated on the 2 x 2 matrix.

O interacts with the action of Afff(R) and the symmetric group Ss on planar/affine
triangles in the following way: Given M € AffJ(R), let V/ = M(V;). One can show
that (Vi, Vo, V3) is positive iff (V], VJ, V5) is positive. On the other hand, for all ¢ € Sj,
O(Vg(l), Vg(g), Va(g)) = Sgn(a)(’)(Vl, VQ, Vg), SO O(Va(l), Va(g), Vg(g)) = O(Vl, VQ, Vg) when o is
a 3-cycle.

Below are useful equivalence conditions for the positivity of (V4, Va2, V3). The proof is
elementary, so we will omit it.

Proposition 2.2. Given Vi, Vs, Vs € R? in general position, and W € int(Vy, Va, V3), the
followings are equivalent:

~

. (W1, Vo, Vi) is positive.

2. (Vi, Vigr, W) is positive for some i € {1,2,3}.

3. (Vi, Vier, W) is positive for all i € {1,2,3}.

4. det(V; = Vi1, Vigr = W) > 0 for some i € {1,2,3}.
5. det(V; = Viey, Vigr — W) >0 for alli € {1,2,3}.

2.3 The Cross-Ratio

The cross-ratio is used to construct a projective-invariant parametrization of the k-spirals.
There are multiple ways to define the cross-ratio of four collinear points on the projective
plane, each using its own permutation of the points. We follow the convention used in
[Sch92]. Given four collinear points A, B,C, D on a line w C RP?, we choose a projective
transformation v that maps w to the z-axis of A%. Let a, b, ¢,d be the x-coordinates of 1)(A),



Y(B), v(C), (D). We define the cross-ratio to be the following quantity:

(a—b)(c—d)

X(A,B,C,D) := m.

(4)

If A lies on the line at infinity, we let x(A, B,C, D) = £4. One can check that given any
¢ S PGL3(R)7

U

X(A, B,C, D) = x(6(A), ¢(B), (C), ¢(D)).

We also define the cross-ratio for four projective lines. Let [, m, n, k be four lines intersect-
ing at a common point O. Normalize with a projective transformation so that I, m,n, k C A?
with slopes s, S, Sn, Sg. We define

(Sl _ 8m>(8n — Sk) (5)

x(l,m,n, k) = (51— 5n)(Sm — 51

with x(I,m,n, k) L_Z’Z if 5, = co.

— S
If w is a line that does not go through O and intersects [, m,n, k at A, B, C, D respectively,
we have

x(l,m,n, k)= x(A,B,C,D). (6)

See Figure 8 for the configuration. The proof is elementary, so we will omit it.

o

Figure 8: The configuration in Equation (6).

2.4 Twisted Polygons, Corner Invariants

Introduced in | |, a twisted n-gon is a bi-infinite sequence P : Z — RP?  along with
a projective transformation M € PGL3(R) called the monodromy, such that every three
consecutive points of P are in general position, and P, = M(P;) for all i € Z. When M
is the identity, we get an ordinary closed n-gon. Two twisted n-gons P, Q) are equivalent if
there exists ¢ € PGL3(R) such that ¢(P;) = @; for all i € Z. The two monodromies M,
and M, satisfy M, = ¢M,¢~". Let P, denote the space of twisted n-gons modulo projective
equivalence.

10



The cross-ratio allows us to parameterize P, with coordinates in R?". Given a twisted n-
gon P, the corner invariants of P is a coordinate system xo(P), ..., T9,_1(P) given by

(7)

T2 (P) = X(Pi—2, Pic1, PoPi i N PPy, P9 Py N Py Pigo);
T2i11(P) = X(Piy2, Piy1, PrpoPiy1 N PPy, PiyoPia NP1 Pisy).

Py Piya

l1,2 l1,0 l1,-1 l1,—2

Figure 9: Left: The corner invariants x9;(P) = x(P;—2, Pi—1, A, O) computed using Equation
(7). Right: 29;(P) = x(l1,—2,11,—1,11,0,l1,2) computed using Equation (8).

See the left side of Figure 9 for a geometric interpretation of the corner invariants. Let
lap = PiraPiys. By Equation (5), the corner invariants can be computed by

{ IQi(P) = X(ll,—2,l1,—1,l1,07l1,2); (8)

$2i+1(P) = X(Ll,za 1—1,17 1—1,07 1—1,72)-

See the right side of Figure 9 for the line configurations.

Since x is invariant under projective transformations, for all j we have x;(P) = ;42,(P),
so a 2n-tuple of corner invariants is enough to fully determine the projective equivalence
class of a twisted n-gon. Without loss of generality, we use x;(P) to denote the corner
invariants of [P] € P, without adding square brackets around P. To obtain the corner
invariants of [P] € P,, one can simply choose an arbitrary representative P and compute
its corner invariants. | , Equation (19) & (20)] showed that one can also revert the
process and obtain a representative twisted polygon of the equivalence class given its corner
invariants.

3 The Spirals and 7}-Orbit Invariance

In this section, we explore the geometric properties of type-a and type-f k-spirals and prove
Theorem 1.1. In §3.1, we give rigorous definitions of the two types of k-spirals and discuss
their geometric properties. In §3.2, we introduce a construct associated to the two types of
k-spirals called the transversals. In §3.3 and §3.4, we prove Theorem 1.1 using geometric
properties of the transversals.

11



3.1 The Geometry of k-Spirals

Here we give the formal definition of a k-spiral and its two subsets called type-a and type-f.
We then explore their geometric properties and present some open problems.

Definition 3.1. Given integers k > 2, n > 2, we say that [P] € P, is a k-spiral if for all
N € Z, there exists a representative P that satisfies the following: For all i > N, P, € A?,
(P;, Pi1, Piy2) is positive, and (P;, P;11, Piy) is positive. Saying that [P] is a k-spiral means
that [P] admits an N-representative for all N € Z.

Remark 3.2. The idea of considering an N-representative for each N € Z is new to the
literature and may at first seem superfluous. Readers will see in §4 that this condition is
natural when we examine the corner invariants of the two types of k-spirals. See the end of
this section for open problems related to the geometry of N-representatives.

In practice, since [P] is a twisted n-gon, it suffices to find a single Ny-representative P,
for some Ny € Z. One can then obtain other N-representatives for N < Ny by applying the
m-th power of the monodromy of [P] to Py, where m > Y=t 4 1.

Definition 3.3. A k-spiral [P] € P, is of type-a or type-f if for all N € Z, it has an
N-representative P that satisfies the following conditions:

e [P]is of type-a if Py € int(P;, Piyy, Piygy1) for all i > N
e [P]is of type-g if Piyjyq € int(P;, Piyq, Piyy) for all i > N.

Figure 10: Left: The inward half of a O-representative P of a type-a 6-spiral. The red
triangle is joined by (P;, Pi+1, Pi+x+1), which is positive by Proposition 3.4 and contains P
in its interior. Right: The inward half of a O-representative P of a type-8 6-spiral. The cyan
triangle is joined by (P;, Pi+1, Pyyr), which is positive and contains P11 in its interior.

See Figure 10 for O-representatives of type-a and type-f 6-spirals. For the type-a k-spirals,
we show that positivity of (P, Piy1, Pi1y) is equivalent to positivity of (P, Piy1, Piygs+1). The
latter condition turns out to be more convenient for showing 7} invariance.

Proposition 3.4. [P] € P, is a type-a k-spiral if and only if for all N € Z, there exists
a representative P that satisfies the following: for all i > N, P, € A?, (P;, Py, Piya) is
positive, (Pi, Piy1, Piyry1) is positive, and Piyy € int(FP;, Py, Pigq).

Proof. Since Py € int(P;, Piy1, Piiks1), we see that int(F;, Piy1, Piigr1) is nonempty, so the

12



three points P;, P11, Pir+1 are in general position. It then follows from Proposition 2.2
that (P, Piy1, Piyg) is positive iff (B, Piy1, Pirgy1) is positive. O

Corollary 3.5. There exists no type-a 2-spirals.

Proof. Tt suffices to show that there exists no configuration of four points A, B,C, D € A?
such that (A, B, D), (B, C, D) are both positive and C' € int(A, B, D). If (A, B, D) is positive
and C' € int(A, B, D), then Proposition 2.2 implies (B, D, C') is positive, but that contradicts
(B, C, D) positive because O(B,C, D) = -O(B, D, (). O

On the other hand, type-£ 2-spirals do exist. Geometrically, their N-representatives look
like triangular spirals. See §7 for a more thorough discussion on type-g 2-spirals.

Remark 3.6. One may attempt to define the two types of k-spirals on bi-infinite sequences
of points in RP? with no periodicity constraints. The results in this section hold true for
this more general definition. We restrict our attention to twisted polygons because it’s a
finite-dimensional space, which allows us to more easily keep track of the Ty-orbits.

We now proceed to discuss some geometric properties of type-a and type-§ k-spirals.
A twisted polygon P is called k-nice if the four points P, P;y1.Piix, Piixs1 are in general
position for all ¢ € Z. The k-nice condition is projective invariant. Let Py, denote the space
of k-nice twisted n-gons modulo projective equivalence.

Proposition 3.7. For all k > 2, Py, is open in P, so it has dimension 2n.

Proof. The condition that four points P;, P;,1, P;is, Piirs1 are in general position remains
true if we perturb one of the points in a small enough neighborhood of RIP?. The dimension
of Py, comes from the fact that P, has dimension 2n, which is shown in | , Lemma
2.2]. n

Proposition 3.8. Both type-a and type- k-spirals are k-nice.

Proof. We give a proof to the type-a case. The type-3 case is analogous, so we will omit
it. Given a type-a k-spiral [P] and an integer ¢ € Z, let P be an i-representative of [P].
Since (P;, Piy1, Piig11) is positive, these three points cannot be collinear. Also, since Py €
int(P;, Piy1, Piigs1), Pirx does not lie in any of the lines joined by two of the three vertices
P;, Py, Pypyq. This shows that P;, Pyy1, Piik, Piiry1 are in general position. O

As stated in §1.2, we let S, and S,fvn denote the space of type-a and type-f k-spirals
(By Corollary 3.5, 85, = 0 for all n. > 2 ).

Proposition 3.9. Both S, and S,’in are open in Py, so they both have dimension 2n.
Proof. The positivity conditions of (P;, Pi11, Piy2) and (P;, Pi1, Piyx) are open conditions

from continuity of the determinant function. The condition P;yy € int(P;, Piyq, Piijyq) for
type-a (or Piipy1 € int(P;, Piy1, Piyy) for type-f) is equivalent to the positivity of certain
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determinants by Proposition 2.2, so it’s also an open condition. Finally, S, C Py, and
S,i » C Py follows from Proposition 3.8. O

A twisted polygon P is closed if there exists some positive integer n such that P, = P;,
or [P] € P,, with identity monodromy. We show that neither type-a nor type-/3 k-spirals are
closed.

Proposition 3.10. For all k > 2 and n > 2, if [P] € S, then [P] is not closed. The same
holds for S,in.

Proof. Given any closed n-gon P on A2, let C be the convex hull of the vertices of P. Since
P has finitely many vertices, there exists a vertex P; such that P; ¢ int(C'). Then, since
int(P;_x, Pi_gi1, Prr1) C int(C'), we must have P; & int(P;_g, Pi_j1, Piy1). It follows that P
is not an N-representative of type-a k-spiral for any N or k. The proof for type- is similar,
so we omit it. [

The two types of k-spirals seem to possess rich geometric properties. We will present
some open problems. In the discussion below, [P] denotes a type-« or type-3 k-spiral.

Problem 3.11. For all N € Z, is it always possible to find N-representatives P such that
for all j > i+ 1, (P, Pis1, P;) is positive (in other words, P; always lies on the same side of
the line P,P;yq)?

Problem 3.12. Let P be an arbitrary representative of [P]. Is there a minimal N € Z such
that P is an N-representative on some affine patch of RP?? Does there exist P that is an
N-representative for all N € Z7?

Problem 3.13. Given an N-representative P, does P, converge to a point in A? as i — 00?

3.2 Transversals of the Spirals

In this section, we prove our remark in §1.2 that transversals for type-a spirals are oriented
counterclockwise, whereas transversals for type-5 are oriented clockwise. Recall that the
transversals of an N-representative P of a k-spiral are k polygonal arcs joined by vertices
PPy, Piiog,... fori = N,...,N + Lk — 1. See Figure 11 for one of the k transversals of
the two representatives from Figure 10.

Figure 11: Transversals of two representatives from Figure 10.
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Lemma 3.14. Given O, A, B,C,D € A? (See Figure 12) such that (A,O,B), (A,O,D),
(B,0,C), (C,0,D) are all positive. Then, (A, O,C) is positive iff (B, O, D) is positive.

Proof. For the forward direction, normalize with Aff; (R) so that O = (0,0) and A = (—1,0).
Let B = (zp, %), C = (¢, ye), and D = (x4,y4). Since (A, O, B) is positive, Equation (3)
gives us

O(A,0,B) =det(O — A,B—0) =det(—A,B) =y, > 0.
Similarly, positivity of (A,0,C) and (A, O, D) give us y., ys > 0. Next, observe that
O(B,0,C) =det(—B,C) = —xpye + Tcp;
O(B,0,D) = det(—B, D) = —xpyq + Tayp;
O(C,0, D) = det(—C, D) = —z.yq + Tay.-

Since Yy, Ye, yq > 0, we have z—i, % > 0, which implies

O(B,0,D) = —yya + Tayy = ?O(O, 0,D)+ % 0B,0,0) > 0.

Ye
This shows positivity of (B, 0O, D).
The proof for the backward direction is analogous. Normalize so that O = (0,0) and
D = (1,0). Let A = (24,Ya), B = (xp, 1), C = (z¢,y.). Positivity of (4,0, D), (B,0, D),
and (C,0, D) implies Y4, Yp, Y. > 0. One can then check that

O(A,0,C) = —2ye + Teya = %O(A, 0.B) + z— O(B,0,C) > 0.
b b

This shows positivity of (A, O, C). O]

Figure 12: Examples of O, A, B,C, D in Lemma 3.14.

The next proposition formalizes our claim on the orientation of transversals.
Proposition 3.15. Let P be an N-representative of a k-spiral [P]. For alli > N, if [P] is
type-cv, then (P;, Piyk, Piyok) is positive; if [P] is type-3, then (Piiok, Pirg, Pi) is positive.
Proof. The proof applies Lemma 3.14 with suitable choices of O, A, B,C, D. See Figure 13

for the configuration of points involved.

We start with P of type-a. Consider the following choices of vertices:

O=Py; A=PF; B=Pyy1; C=PFPyo; D= Ppp1

15



Pi+1

Pi+2k+1

Piyog
P>

Pk
Py Py

Figure 13: Left: S, configuration. Right: S,’f ,, configuration.

It follows immediately from the definition of a type-a N-representative that (B, O, C)
and (B,0, D) are positive. The other conditions follow from applications of Proposition
2.2. Apply Proposition 2.2 with (P,_1, P;, P;+x) positive and P x—; € int(Pi_1, P;, Piiy)
to get positivity of (A,O, B). Apply Proposition 2.2 with (P;, Piy1, Piyx1) positive and
Py € int(P;, Piy1, Prygr1) to get positivity of (4,0, D). Apply Proposition 2.2 with
(Pitk, Piykat1, Pryogs1) positive and Piyox € int(Piyg, Prigr1, Prroks1) to get positivity of
(C,0, D). Then, the backward direction of Lemma 3.14 implies (P;, Py x, Piiox) is positive.

The proof for type-f is analogous. Consider the following choices of vertices:

O=Pyp; A=Pyp1; B=Pyo; C=PFP; D=D1F.

Positivity of (A, O, C) and (B, O, C) follows from the definition of a type-3 N-representative.
A similar application of Proposition 2.2 as in the case of type-« gives positivity of (A, O, B),
(A,0,D), and (C,0, D), which we will omit. Finally, the forward direction of Lemma 3.14
implies (P ok, Pivk, P;) is positive. O
3.3 Invariance of Forward Orbit

In this section, we prove that S, and S,f ., are Tj-invariant. We will use Equation (1) for
our labeling convention. See Figure 14.

Py,

Py

Figure 14: The labeling convention of the map T} from Equation (1).

If P is k-nice, then P’ is always well-defined. In particular, Proposition 3.8 implies T}, is
well-defined on &f,, and S,f’n.
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Remark 3.16. T} doesn’t necessarily send k-nice twisted polygons to k-nice twisted poly-
gons. Here is an example provided by the anonymous referee: Fixing r € (0,1). Consider
the function P : Z — C = R? mapping z — r?exp(zmi/k). One can check that P is a
k-nice twisted n-gon for any n > 2 with monodromy that is a scale-rotation, but Ty (P) is
the zero function and hence not k-nice. What we will show is that in the case of type-a and
type-f k-spirals, T}, does preserve k-niceness. This is a direct consequence of Theorem 1.1
and Proposition 3.8.

We proceed to prove the T-invariance of S, and S,i ,, separately. We start with the
following lemma.

Lemma 3.17. Given four points A, B, C, D in R? in general position with D € int(A, B, C).
Let O = ABNCD. There exist s € (0,1) and t € (1,00) such that

O=(1-s)A+sB=(1-t)C+tD.
Proof. Since D € int(A, B, C), there exists Aj, Ag, A3 € (0,1) such that

)\1+)\2+)\3:1; D:)\1A+)\QB+)\30

A2

Taking s = 5

and t = —— gives us the desired result. O
3
Proposition 3.18. For all k > 2 and n > 2, Ty(Sg,,) C S,

Proof. Given an N-representative P of some [P] € S, we will show that P’ = T},(P) is a
type-a N-representative of [T (P)] by proving that for all i > N, (P/, P/, P/,) is positive,
(P{, Py, Pl 1) is positive, and P/, € int(P/, P/, ,, P/, ). See the left side of Figure 15
for configurations of relevant vertices of P and P’.

Let ¢ > N be fixed. Since P is a type-a N-representative, Pjij € int(P;, Pjt1, Pjir+1) for
all j > N. Applying Lemma 3.17 with Equation (1) on P; for j € {i,i+1,i+2,i+k,i+k+1}
gives us

P = (1—51)Pii1 + s1Piigy1; Pl,i =1 —t)Py1 +t1 Pypyr;
Pl = (1= 52)Pira + $2Pippra; Pliy = (1 —t2)Pira + t2Pipa; (9)
ok = (1= 53)Piyrs1 + S3Pivory1; Pl = (1 —t3) Piygsr + t3 Pk,

where s1, 59,53 € (0,1) and ¢;,%5,t3 € (1,00). In particular, this shows P/, ., &€ P/P/ ,, so
the three points P}, P/, |, P/, ., are in general position.

To see that (P}, P/, ,, P/,,) is positive, Equation (3) and (9) give us

O(Pi/’ Pz',—i-l? ‘Pz'/+2) = det(Pi’H - P)i,7 ‘Pi/+2 - P1;/+1)
= det((s1 — t1)Piy1 + (t1 — 51) Pigir1, (52 — t2) Pipo + (t2 — S2) Pigy2)

= (751 - 51)(t2 - 32) det(Pz'-i-k+2 — P9, Py — Pi+k+1>~
(10)
Then, since O(P;y1, Pria, Pitgse) > 0 and Pigyy € int(Pyq, Pito, Piyki2), Proposition 2.2
implies det(Fispy2 — Pito, Pip1 — Pigrgr) > 0, s0 O(F, Py, Pp) > 0.
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Next, we show that P/, € int(F/, Py, P/ ;). Let ri = ;=2 and rp = 2. (9) implies
r1,72 € (0,1) and

/
itk — (1 — s3)Pisit1 + s3Piropi1

(1 - 53)(t1 - 1) / (1 - 33)(1 - 81) /
_ P P

It follows that
, t3—s3 (I—=s3)(ti—1) ,, , (1—s3)(1—s1)
= Pl
t3(83 — 1) tl — 51 tl — 51
_=s)(A—t)p  s=ss)s=1) 83,
Ll — 1) f fa(ts — 1) i1 T ke
= (1 =r2)(A = r) P/ + (L= ra)ri Py + 2Py

Pl +

Observe that the coefficients (1 —r3)(1 —rq), (1 —rg)rq, 2 are all in (0,1) and sum up to 1,
so Py € mt(F, Piyy, Piyiq)-

Finally, using Equation (3) and (9), we have

det(Piyy = P, Pl — Plyy) = det((ts — 51) (P — Piga), (ts — 83) (Pivzirs — Pivirn))
= (t1 — s1)(t3 — s3) det(Prpr1 — Pivts Pivorr1 — Pryr)

= (t1 — s1)(ts — 83)O(Pis1, Privrr1s Pivort)- 1)

11
Proposition 3.15 implies O(P;;1, Pipi1, Pigort1) > 0, so det(Py, — P/, Pl .., — P.,) >0
Since P/, P/ ,, P/, are in general position and P/ , € int(F;, P/, P/, ,.,), Proposition
2.2 and Equation (11) imply O(F;, P/, P/,,.,) > 0. We conclude that P’ is a type-a
N-representative. 0

PO PS

Figure 15: Left: Proposition 3.18 configuration. Right: Proposition 3.19 configuration.

Proposition 3.19. For all k > 2 and n > 2, Tk(S,fin) C S,f’n.
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Proof. The proof is analogous to the one for Proposition 3.18. Replacing a with 3, we may
work with the setup in the proof of Proposition 3.18. See the right side of Figure 15.

The key difference between type-a and type-f is that conditions for type-g k-spirals
give us the following linear relations when we apply Lemma 3.17 with (1) on P for j €
{ii+1,i4+2,i4+ki+k+1}:

Pl = (1 —1t1)Piy1 4+ t1 Piypsr; Pl = (1 = 51)Ppy1 + $1Ppipqr;
Pl = (1 —t2)Piyo + taPiypyo; Plio = (1 —52)Piyo + 82 Ppy2; (12)

e = (1= t3) Pryrr1 +t3Piyors1; Pl = (1= 83) Pipryr + s3Pijary,

where s1, 82,83 € (0,1) and tq,%o,t3 € (1,00). We can see that P/ P!P! . so the three
i+k 7 i1

. o , . o
points P}, P; |, P/, are in general position.

A very similar computation as Equation (10) shows positivity of (P}, P/, P/,), so we
will omit. Next, let r; = ttll;ll and ry = ‘;—; Notice that (1 —r9)(1 — 1), (1 —r2)ry, and 7o
are all in (0,1) and sum up to 1. Also, Equation (12) implies

e = (L=7r2)(L—=r1) P/ 4 (1 = ro)r Pl 4 1o P .

This shows P/, ., € int(P/, P/, ,, P/, ). Finally, positivity of (F;.P/,, P/, ) follows from a
similar computation as Equation (11), P/, ., € int(F}, P/, P/ ), the three points P/, P/, |, P/,
are in general position, and Proposition 2.2. O

3.4 Invariance of Backward Orbit

In this section, we complete the proof of Theorem 1.1 by showing that Sf,, and Sf,n are Tk_l—

invariant. One can derive a formula for 7} ' from Equation (1). Given any k-nice twisted
n-gon P', P =T, '(P') is given by

Py=P_, P NP_P. (13)

Proposition 3.8 implies 7}, ' is well-defined on Sy, and S,ﬁn. In general, T ' needs not
preserve k-niceness of twisted polygons.

Proposition 3.20. For all k > 2 and n > 2, T, '(S¢,,) C Sg...

Proof. Given P’ a type-a. N-representative, we will show that P = T} (P ) is a type-a
(N + k + 1)-representative by proving that for all i > N + k + 1, (P, Piy1, Piyo) is positive,
(P;, Pii1, Prygy1) is positive, the four points P, Pii1, Piyk, Piige1 are in general position,
and Py € int(P;, P11, Piiry1). See the left side of Figure 16 for configurations of relevant
vertices of P’ and P.

Let © > N + k + 1 be fixed. Since P’ is a type-a N-representative, we must have

P, € int(P}, Py, P ;) for all j > N. Applying Lemma 3.17 with Equation (13) on P;
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for je{i,i+1,i+2,i+k,i+k+ 1} gives us

P=(1- 51)Pl-l,k + Slpilfkfl; Pi=(1- tl)Pi/ + thz‘lfh
Piy1 =1 —=s2)P 1+ 5P _1; P =(1—1t)P 4 +t3P;
Pys = (1 — S3)P{,k+2 + SSPiLk+1; Py = (1 - S4>Pz‘/ + 84Pi,71§
Py = (1 - 55)Pi/+1 + s5F,

(14)

where s1, $2, 83, 84, 85 € (0,1) and ¢, € (1,00).

We first show that (P;, Pii1, Piyr+1) is positive. From Equation (14) we have
O(P;, Piy1, Piyy1) = (tita(1 — s5) — t1(1 — t2)s5)O(P_y, P}, P,4).

It follows that O(F;, Piy1, Pivrt1) > 0, 80 (B, Py, Pirya) is positive.

Next, we show that Py € int(F;, Piy1, Piygs1). Let = t’f__sls and r; = . Equation
(14) implies 7,7 € (0,1) and

Pipy=0—=r)1—711)Pi1+ (1 —ra)r1Pjpi1 + 2P
Observe that the coefficients (1 —r5)(1 — 1), (1 — 79)ry, and 75 are all in (0, 1) and sum up
to 1, so Py € int(P, Py, Pipry)-
Finally, we check (P;, Pii1, Piyo) is positive. We aim to invoke Lemma 3.14 with the
following choices of vertices:

O=PFPy; A=DF; B=P1; C=Py; D:Pi/—k—l—l' (15)

Positivity of (A, O, B) is a direct consequence of the above argument. Positivity of (B, O, C)
follows from positivity of (P'L'+17 Piyo, P’i+k+2)7 Piiri1 € int<Pi+17 P o, Pi+k+2)a and Proposi-
tion 2.2. Next, observe that

O(A,0,D) = 51520(3/—1@—1’ Pi/—k7 Pz'/—k+1>3
O(C,0,D) = (1 — 53)520(P;_1., P11, Pt i0); (16)
0(37 0O, D) = 52(1 - SS)O(PZLka Pilfk+1> Pz'/+1) + 8285O(F)ilfk7 F)i/karl? Pz‘/>5

Then, positivity of (4,0, D) and (C, O, D) follows from positivity of (P/_,_,, P/ ,, P/_.,)
and (P/_., P11, P_4y2). To see that (B,0,D) is positive, apply Proposition 2.2 on
(Pi/—k7Pi/—k+17 Pi,+1> positive and Pi/ S int(Pi/—k7Pi/—k+17Pi/+1) to get (Pi/—k7Pi/—k+17 Pz,) pOSi—
tive. The backward direction of Lemma 3.14 then implies (P;, Piy1, Piyo) is positive. We
conclude that P is a type-a (N + k + 1)-representative. ]

Proposition 3.21. For allk > 2 and n > 2, Tk_l(S,f’n) C S,f’n.

Proof. The proof is similar to that of Lemma 3.20 (See right side of Figure 16). We will point
out some key differences. Replacing o with g, we may work with the setup in the proof of
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/
k42

/
—k+1

Figure 16: Left: Proposition 3.20 configuration. Right: Proposition 3.21 configuration.

Proposition 3.20. Applying Lemma 3.17 with (13) on P; for j € {4,i+1,i+2,i+k,i+k+1}
gives us
Py =1 —=59)P 1y +52P 45 Piyr = (1 —to) P+ 3P, ;
Pip=(1—s3)P ;5 +53P ;115 Pk = (1—s4)P 4 +54P;
Piirir = (L= s5) P + 8554,
where s1, $2, 83, S4, 55 € (0,1) and t1,ty € (1,00). Positivity of (P;, Piy1, Pi1y) follows from a
similar computation as in (3.4). Next, let r; = tll%‘i and ry = 2. Equation (17) implies

Pi=(1-5)P ;. + 8P ;_; Pi=(1—t)P_,+tF;

(17)

Piki1 =1 —ro)(1 —r) Py + (1 —r9)ri Py + 1o Piyq.

Observe that the coefficients (1 —r5)(1 — 1), (1 — 72)ry, and 75 are all in (0, 1) and sum up
to 1, 80 Pipy1 € int(F, Py, Prig)-

Finally, assign O, A, B,C, D to be the same vertices as in (15). Positivity of (A, O, B),
(B,0,C), (C,0,D), (A,0,D), and (B, 0O, D) follows from a very similar proof as that of
Proposition 3.20, with (16) replaced by

O(Aa Oa D) = SlSQO(Pi/—k:—la ]Dz'/—lw Pi/—k—‘r1>;
O(Cv 07 D) = (1 - 83)520(Pi/—k7 Pi/—k+17 Pz'/—k—i-Q);
O(B,0,D) = s5(1 — s5)O(P/_, Pi/—k+1> P)) 4 52850(P/_, Pilkarl? Pi/+1>‘

The backward direction of Proposition 3.14 then implies (P;, P11, P;12) is positive. O

We conclude this section by stating that Proposition 3.18, 3.19, 3.20, 3.21 together prove
Theorem 1.1.

4 Coordinate Representation of 3-Spirals

4.1 The Tic-Tac-Toe Grids

Recall the intervals I = (—00,0), J = (0,1), K = (1,00) from §1.3. One can partition R?
into a 3 x 3 grid. See Figure 5. We make the following definition:
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Definition 4.1. For n > 2, let S,,(1, J) be the subset of P, that satisfies the following: given
[P] € S,(I,J), for all i € {0,...,n— 1}, (9, xoi41) € I x J. We similarly define S, (K, .J),
Sn(J, 1), and S, (J, K).

The following symmetries of the four grids follow directly from Definition 4.1.

Proposition 4.2. Fori € Z, define the map o; : Z — 7Z by o;(x) = x +i. Define the map
L:Z — 7 by i(x) = —x. Given [P] € Py, the followings are true:

o I[f[P| € S,(I,J), then [Poo;] € S,(I,J) for alli € Z. This also holds for S,(K,J),
Sn(J, 1), and S, (J, K).

o [Pl e S,(I1,J) if and only if [P o] € S,(J, I).
o [Pl € S,(K,J) if and only if [P o] € S,(J, K).

To understand the geometry implied by the corner invariants, we need to examine what
happens when the corner invariants take value from 0, 1, co.

Proposition 4.3. For all [P] € P, with corner invariants x; = x;(P) and i € Z, we have
the following correspondence between the position of Py and the values of xo; and xo;y1:

Configuration ‘ Coordinates H Configuration ‘ Coordinates

Piyo € P B Z9; =0 Pio € PiqPiy1 | %2i41=0
Piyo € Py Py To; =1 Pipo€ PPy | x4 =1
Pioe PPy Tg; = OO Pio € PP T9i41 = OO

l
Iy !

. D

by coeeen e -
Pi+1:' .,
P o
d 2'\1 Py
‘. b-'-.
! RO (%1
m;; “ma

Figure 17: Configurations of points and lines in the proof of Proposition 4.3.

Proof. Consider the following lines:

ly = Py Piy; ly = P Py l3 = P B ly = Py Pigo;
my = Pi—1Pi+2; mo = P¢—1Pz‘+1; ms = P11 P, my = P_1Pi_s.

See Figure 17 for a visualization of the configurations of points and lines. Equation (8)
implies To; = X(ll, lQ, 13, l4) and T41 = X(ml, mo,ms, m4). This y1€ldS
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Configuration ‘ Lines ‘Coordinates H Configuration Lines ‘Coordinates

Pio € PPy | Iy =13 To; =0 Pio € PaPiyy [ mi=ma | Z2i11=0

Pio€ PpiPia | ls=1 To =1 Pio € P yPig | mi=my | Toq=1

Piyo € PPy | Iy =13 To; = OO Piys € P 1 P my =msz | T2i41 = X
which is precisely the relationship described in the proposition. O

Remark 4.4. Proposition 4.3 also gives us a way to determine the position of P;,5 when
neither xo; nor xo;,1 takes value in 0, 1, co. Suppose the four points P;,_o, P;_1, P;, P;;1 are in
general position. For i, j, k € {1,2,3} distinct, we define U; ; to be the connected component
of RP? — (I; Ul;) that does not intersect . For 4,7,k € {2,3,4} distinct, we define V;; to
be the connected component of RP? — (m; U m;) that does not intersect my. See Figure 18
for a visualization of the U;;’s and V; ;s using the point configurations given in Figure 17.
By Proposition 4.3 and continuity of x, we have the following:

Configuration ‘ Coordinates H Configuration ‘ Coordinates

Piyo € Uss =1 Piio € Vo3 Toip1 =1
Piio€Ups Toi = J P € Voy Toir1 = J
Piio € Uip Ty = K Piio€V3y Toip1 = K

Corollary 4.5. Given [P] € P, with corner invariants x; = x;(P), if x; € {0,1,00} for all
J, then P 1is 3-nice. Moreover, every four consecutive points of P are in general position.

Proof. Using Proposition 4.3 we may check that

Collinearity Coordinates Collinearity Coordinates
Pi_o, Py, Py Tgj—1 = OO Py, Py, Piyo T2i41 = OO
Pi o, Py, Piyo | Toip1 =1 Py, Piy1, Piyo | T2i41 =0
Pio, Piy1, Piyo To; =1 Fi, Piy1, Piio T9; =0

Py, P, Py Zoi—2 =10

All seven cases contradict the assumption in the corollary. Therefore, the four points
P, 5, Py, Pi1, P,y 5 are in general position, and the four consecutive points P, 1, P;, Py,
P, 5 are in general position for all ¢ € Z. This shows P is 3-nice, and every four consecutive
points of P are in general position. n

Our goal of this section is to prove the following correspondence theorem:

Theorem 4.6. For alln > 2, 83, = Suo(J,1), Sy, = Su(K, J).
This theorem immediately produces the following important corollary.

Corollary 4.7. For alln > 2, the four cells S, (I,J), Sp(K,J), Sp(J, 1), Sp(J, K) are both

forward and backward invariant under Ts.
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Figure 18: The connected components U; ;’s and V; ;’s in Remark 4.4. The corner invariants
value in I if P;;9 lies in the black-shaded region, J if P;;9 lies in the red-shaded region, and
K if P,y lies in the cyan-shaded region.

Proof. The case S,,(J,I) and S, (K, J) follows immediately from Theorem 1.1 and 4.6. We
will prove the case S, (I, J). The case S, (J, K) is completely analogous, so we will omit.

Fixing [P] € S,(I,J). Recall the maps o; and ¢ from Proposition 4.2. Equation (1)
implies T5(P o t) = T5(P) ot o 04. Then, Proposition 4.2 implies [P o] € S,(J,I), so
[T3(P ot)] € S,(J,I). Finally, observe that

T3(P) = (T3(P)otooyg)o(og0t) =T5(Por)o(og0u).

It follows that [T3(P)] € S,(I,J). We omit the proof of [T; *(P)] € S, (I, J). O

4.2 The Correspondence of S3', and S,,(J, )

Here we show that S5, is equivalent to S,,(J, I). We will first show that the corner invariants
of a O-representative P of some [P] € SF,, satisfies S,,(J, I). Then, we will show that we can
find type-av N-representatives for all N € Z given any [P] € S,,(J, ).

Lemma 4.8. If P is an N-representative of [P] € Sg,,, then Py € int(P;_y, P, Piyy) for
alli > N + 1.

Proof. Since (P;_1, P;, Piy1) is positive, we may normalize with Aff] (R) so that P, =
(—=1,0), P, = (0,0), and P;y; = (0,1). Let Py = (x,y). It suffices to show that z <
0,y >0, and y —x < 1. We get z < 0 from positivity of (F;, Piy1, P12), and we get
y > 0 from positivity of (Pi_1, P;, Piyo). Finally, since (P,_s, Pi_1, P;yo) is positive and
Py € int(P;_o, P,_1, P;y2), Proposition 2.2 implies (P41, Pi—_1, P;12) is positive, which gives
us y —x < 1 as desired. O

Proposition 4.9. For alln > 2, S5, C S,(J,I).

24



Proof. Fixing i € Z. Let P be an (i — 3)-representative of [P] € S5, with corner invariants
z; = z;(P). Normalize with Aff] (R) so that P,y = (—1,0), P, = (0,0), and P4y = (0,1).
Let s, denote the slope of the line P, Py See Figure 19 for the configuration of points.

We want to show that (zg;, 9;41) € I X J. By Lemma 4.8, P,y € int(P;_o, P,_1, P;). This
implies s1_9 > s_1_o > 1. On the other hand, since P,y € int(P,_s, P,_y, P;42), we have
S12 > S1-2 > 1, and s_; 5 € (0,1). This gives us

(81 -2 — 51 —1)(81,0 - 31,2) S51,—2 — 1

To; = = eJ and
( -2 — 81 0)(81,—1 - 81,2) 512 — 1
R (5—1,2 —s11)(5-10—8-12)  S-1-9(5.12—1) e
2i4+1 = = .
(571,2 - 571,0)(571,1 - 571,72) 571,2(871,72 - 1)
This concludes the proof. O
P
»
L4
K
e
.
i
¢/
s
S8 Pin
e N
4 |
S
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Figure 19: Configuration of Proposition 4.9 and 4.10.
Proposition 4.10. For alln > 2, 8¢, = Su(I, J).

Proof. Proposition 4.9 implies we only need to show S, D S,(I,J). Given [P] € S,(I,J),
let P be a representative that satisfies Py = (1,4), P, = (—1,0), P, = (0,0), P, = (0,1).
Say that P satisfies condition (x); if the three triangles (P,_1, P;, Piv1), (F;, Pia1, Pii2),
(P,_1, P;, P;12) are all positive, Piio € int(P;_1, P;, Piy1), and Piyo € int(P;_o, Pi_1, Piy1).

We show that for all i > 0, if P satisfies (*);_1, then P satisfies (x);. Since (P;_1, P;, Piy1)
is positive, we can normalize with Aff] (R) so that P,_; = (—1,0), B = (0,0), and P, =
(0,1). Let s, denote the slope of Pi,Piyp. Since Py € int(Pi_g, Py, P;), we know that
51,2 > 5_1-9 > 1. Then, zy; € J implies 0 < % < 1. This gives us s;2 > s1,_9 > 1.

s_1,-2(s—1,2—1)

On the other hand, x9;,1 € 1 implies - Ry
to 1 — ;2 < 0, which implies s_; o E (0 1) Thus, the two lines P;,_1 P15 and P;y1 Py

< 0. Since s_3 _9 > 1, this is equivalent

must meet in the shaded triangle in Figure 19, which implies (P;, Piy1, Piyo), (Pi—1, P;, Pii2)
are positive, P o € int(P,_1, P;, Piy1), and Po € int(P;_o, P;_1, Piyq), so P satisfies (x);.
Finally, since P clearly satisfies ()g, by induction P satisfies (x); for all ¢ > 0, so P is a
type-a O-representative of a 3-spiral. We conclude that [P] € S¢,,. O

25



4.3 The Correspondence of Sg?:n and S,(K,J)

Here we show that Sg ., 1s equivalent to S, (K, J). The ideas behind the proofs are essentially
the same as the ones in §4.2. We will focus on explaining how to modify the details of the
proofs in §4.2 for type-f 3-spirals and S, (K, J).

Lemma 4.11. If P is an N-representative of [P] € S:?,m then the quadrilateral joined by
vertices (P;, Piy1, Piyo, Pi13) is convez for all i > N.

Proof. Normalize with Aff] (R) so that P; = (—1,0), Piy1 = (0,0), Pirg = (0,1), and Pyy3 =
(x,y). Positivity of (P11, Piia, Piys) and (P, Piyq, Piys) implies z < 0 and y > 0. Positivity
of (P,_1, P;, Piys), Pii3 € int(P_q, P;, Pi12), and Proposition 2.2 shows y — x > 1. H

Proposition 4.12. For alln > 2, Sz?,n C Su(K, J).

Proof. Let P be a (—3)-representative of [P] € 857,1 with corner invariants z; = x;(P).
Lemma 4.11 implies the quadrilateral (P;_o, P;_1, P;, P;41) is convex. Next, since P is a
type-f (—3)-representative, P; € int(P;_y, Pi_1, P;41) for all i > 0 (See Figure 20). Referring
back to Remark 4.4, convexity of (P,_s, Pi_1, P;, Piy1) implies PP,y doesn’t go through
P9, Pi_1, Py1, S0 (T2, T2i+1) € K X J whenever P,y € int(P_o, Pi_1, Piy1). O

Py bi

P
Figure 20: Configuration of Proposition 4.12 and Lemma 4.13.

Lemma 4.13. Given a 3-nice sequence P : 7. — RP? and an integer i € Z, let xo; = Toi(P)
and To;i 41 = Teiy1(P) be the corner invariants of P. If the following conditions are true:

e (P,_y,P_1,P) and (P;_1, P;, Piy1) are both positive;

e The quadrilateral (P;_o, P;_1, P, Pi11) is convez;

o (19, T241) € K X J.
Then, the followings hold:

o Py eint(Pi_g, Pio1, Pry1);

e The quadrilateral (P;_y, P;, Piy1, Pi12) is convex;

e (P, Pii1,Piyo) and (Pi_1, P;, Piyo) are both positive.
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Proof. Recall that from the proof of Proposition 4.12, we claimed that if the quadrilateral
(P,_2, Pi_1, P;, Piy1) is convex, then the line P;P;,; doesn’t go through (P,_o, P;,_1, Piy1).
Since (g, ¥9;41) € K x J, Remark 4.4 implies P; 5 € int(P;_o, P,_1, P;y1), in which case all
conclusions of this lemma will hold. See Figure 20 for a visualization of the five points. [

Proposition 4.14. Sgn = Su(K, J).

Proof. Proposition 4.12 gives us Sg . C Sp(K,J), so we show the other containment. Given
[P] € S,(K,J), we can find a representative P that satisfies Py = (0,0), Pyy1 = (1,0),
Prnyo=(1,1), Pyyg = (0,1). Corollary 4.5 shows that P is 3-nice. To see that (P;, P11, Piy2),
(P;, Pi11, Piy3) are positive, and P;y4 € int(P;, Piy1, Pi13), we may inductively apply Lemma
4.13. This implies [P] € S?fin. O

5 A Birational Formula for 7T;

Given two spaces X and Y, a rational map f : X --+ Y is an equivalence class of maps
fu : U — Y where U is a dense open in X, and the equivalence relation is given by fy ~ fy
if they restrict to the same map on UNV. A map f: X --+Y is birational if there exists a
rational map g : Y --» X such that g o f restricts to the identity on a dense open of X and
f o g restricts to an identity on a dense open of Y.

In this section, we show that T3 : P, --+» P, is a birational map by finding an explicit
formula using the corner invariants.

5.1 The Formula

Let P be a twisted n-gon, and P’ = T3(P). In this section, we use a different labeling

convention:
P/ =P,_yP 1 NP,_1P . (18)

2

We let z; = 2;(P) and 2, = z;(P’) denote the corner invariants of P and P’ respectively.
Our goal is to show that T3 is a birational map over the corner invariants. I discovered it
using computer algebra and the reconstruction formula in | , Equation (19)].

Proposition 5.1. Given [P]| € Ps,,, the following formula holds (indices taken modulo 2n):

(T2i—4 + T2i—1 — 1) _
X2j—2T2i—1 — (1 - $2z‘+1)(1 - -T2i74)’
(T2ip2 + Taips — 1)

T2;4+2L2i4+3 — (1 - $2z‘+5)(1 - in).

/
To; = T2i—2

(19)

/
Tojr1 = T2i43°

One can verify Equation (19) with the following procedure: Given the corner invariants of
[P], use the reconstruction formula from | , Equation (19)] to obtain a representative P.
Apply T3 on P as in Equation (18) to get P’ = T3(P). Then, compute the corner invariants
of P’. We present a geometric proof of Equation (19) using cross-ratio identities.
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Lemma 5.2. Let (Q1,Q2,Q3, Q4 be four points in general position, and let w be a line that
contains none of the four points. For all i # j, let l;; = Q;Q); and S;; = wNl;; Then,

X(Sm, 513, 514, 524) = X(SQS, 5137 534, 524)-

@1
\» (4
l2y

l13

Figure 21: Point configurations of Lemma 5.2

Proof. Let O = l13N 4. See Figure 21 for an example of the point configurations. Applying
Equation (6) on (12, l13, l14, @1 D) with respect to w and Q2Q4 gives us

X(512, 5137 514, 524) = X(l12, l13, 5147 QlD) lg X(Q% 07 Q4, 524)'

Next, applying Equation (6) twice on (la3, l13, l34, @3 D) with respect to Iy, and w gives us
X(Q2,0, Q4, Sa4) e X(l23, 13, [34, @3 D) = X(S23, S13, S34, So4).

Combining the above two equations completes the proof. O

Proof of Proposition 5.1. From the symmetry of Equation (19), it suffices to prove the for-
mula for xj,. That is,

, T o(r_y+x_1—1)
Ty = . 20
0 X_9X_1 — (1 — I‘_4)(1 — 1‘1) ( )
Let l; ; = P,P; and O = [_3 5N {_19. We label points as follows:
A="Py; C=ls30Nlg1; E=P_s; G=130Nl_2_1; (21)
B:Pil, D:P(), F:l,g,oﬂl,m; H:l,g,,oﬂOPl.

Since [P] € Psp, every five consecutive points of [P] are in general position. This ensures
that point O and the points in Equation (21) are all distinct. See Figure 22 for a visualization
of the assignment of labels to these points.
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l_30

Figure 22: Visualization of Points Assigned in Equation (21). The thick black line segments

are edges connecting vertices of P, and the thick red line segments are edges connecting vertices
of P'.

It follows from Equation (7) that z{, = x(A, B, C, D). Using Equation (8), we have

l_30

= (g g s, Ly 10) 2 X(A, E, G, D);

= x(lo,—3, lo,—2, lo,—1, lo,1) e X(E, B, H, D); (22)
= (a1, Lag, lo_1, la_3) =°X(B,D,G, E);

= (12, L1, 1o, L1—0) 2" v(C,F, D, G).

We may further invoke Lemma 5.2 with @)1 = P_5, Q2 = O, Q3 = P, Q4 = P_1, and
w = l_3. This gives us

-y = X(E,B,H,D) = x(G, B, F, D). (23)

The rest of the proof is just algebraic verification. Normalize with a projective transfor-
mation so that [_3 is the z-axis of A% Let a, b, ¢, d, e, f, g, h be coordinates of A, B, C,
D, E, F, G, H respectively. Plugging (22) and (23) into the numerator of (20) gives us

za(x_q+a_1—1)=x(G, B,F,D) (x(A, E,G,D) + x(B,D,G, E) — 1)
(g —b)(f —d) ((a—e)(g d) | (b—e)(g—d))
(g=Nb—=d) \(a—g)le—d) (b—yg)le—d)
(a—0)(g —d)(e —g)(d—[)
(a—g)b—d)(e—d)(g—f)

The denominator can be computed similarly. We skip the computation and list the results:

e @O )= D))
H e B [ s
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Combining the above two equations gives us

T oy +x_1—1) (a—0b)(c—d) ,
— — (A, B,C.D) = 2,
- —200-m) @—op-a X )=
which is precisely Equation (20). O

Next, we provide a formula for the inverse of T3.
Proposition 5.3. The map 15 : P, --» P, is birational. Its inverse is given by
($12i+4 + $/2i+1 —1) )
Thi 1T n — (1 — 1) (1 — @iy y)
(w55 + a5 — 1)

Ty — (1= $/2i+2)(1 - $/2i73)'

L2i = x/2i+2 )
(24)

/
Toj41 = To;_q *

We will give an algebraic proof. Consider two families of rational maps {5 : R** --»
Rzn}(si)ezz and {Z/(&t) : RQn - RQH}(SJ)GZQ. Write (ag, Ce ,azn,l) = u(&t)(xo, Ce ;xQn—l) and

(bo, - -+ ban—1) = Vs1) (20, - - ., Ton—1). Then, we have
B 1— L2j+s by — 11— L2i4s
Aoy = ——— 2 —
Tttt I — ZoiqsT2itstt (25)
=@ b I —Z2i41-s
241 = — 2i+1 = .
Toiq1—s—t 1 — Zoip1—sToip1—s—t

Lemma 5.4. Let ¢ : Z2 — 72 be the map given by
p(s,t) = ((=1)""s, (=1)%(2s +1)). (26)

Then, ¢ 1s an involution. Moreover, when t is odd, u(_slt) = Vy(s,) and l/(_slt) = [hp(s,t)-

Proof. To see ¢ is an involution, a direct computation shows that
P?(s,t) = o((=1)""'s, (—1)*(2s + 1))
= <(_1)(*1)S+15+8+25, (_1>(*1)s+1s (2(—1)S+1S +(—1)%(2s —|—t))> = (s,1).

Next, we show that when ¢ is odd, ,u(_slt) = Vy(s,r)- We will show by direct computation that
H(s,t) © Vip(s,t) 1s the identity on the 2:-th coordinate when s is even. First, when s is even,
¢(s,t) = (—s,25 +t). The 2i-th coordinate of fi(s ) © V(s is given by

-1
(1 _ 1- L2i4s54(—s) ) ) ( 1 - L%t s+t—(—s) )
1- L2i45+(—8)L2i+5+(—5)+(25+1) 1- L2t stt—(—8)L2i+s+t—(—s)—(25+1)

1 — o 1 — Toi40644T2;
=(1- = X9;.
1 — Z9iT9i 0044 1 — w5061+

This is precisely what we want. One can similarly carry out the computation of v, 4o for
the (2¢ + 1)-th coordinate, and s odd. We will omit these heavy computations and conclude
that ,u(;t) = Vy(s)- Finally, to see 1/(_57175) = Jiy(s,r), Observe that (—1)°(2s 4 t) is odd iff ¢ is
odd. Therefore, vy; o fiy(s) = Vyp2(st) © Hp(s,e) 1S the identity map by the previous argument.
The same argument shows that fi,(s) © V(s is the identity. O
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The following corollary is immediate. We omit the proof.

Corollary 5.5. For all (s,t) € Z* such that t is odd, sy and v(sy are birational maps.

Proof of Proposition 5.5. We first claim that T3 = vy _1) o ps,—3). We will provide the

computation for even coordinates. Let (ao,...,xs, 1) denote the image of (zq,..., T, 1)
under g3 3, and let (by, . .., by,—1) denote the image of (ao, . .., az,—1) under y(_y _1y. Then,
we have

by — 1 —agi— _ (1_ 1—£U2i_4> ‘ (1 B (1—932i_4)(1—:v2i+1)>1
2

1 —agi—1a9i— T2i—1 X2;—1X2;—2
Toi—o(Xoi—1 + Toj—g + 1)

B X2;—1T2i—2 — (1 - $2z‘—4)(1 - -’E2i+1)'

Observe that this is precisely the first line of (19). The computation for by;, is analogous,
thus omitted. Then, by Corollary 5.5, Ty * = V(3,—3) © ((—1,3)- Finally, Equation (24) follows
from a direct computation of vz _3) o p(_1,3) using Equation (25), which we will omit. ]

5.2 Conjugated Corner Invariants and Its 75 Formula

To relate Equation (19) to the y-variables in | ], it is convenient to consider another
coordinate system of P,,, which we define below.

Definition 5.6. Given [P] € P, define the conjugated corner invariants to be coordinate

functions &(P), .., &a-1(P) given by &(P) = 5.

The conjugated corner invariants can be viewed as the image of the corner invariants
under a birational map A : R?" --» R?" sending each coordinate x; — xjil Observe that A2
restricted to the dense open (R — {0, 1})*" is the identity map, so &;(P) is also a coordinate
system for P,. Throughout this section, we will use 7; = 7;(P) and & = 7;(P’) to denote
the conjugate corner invariants of P and P’. We start by observing some symmetries of

conjugating our factorization maps ji( s and v(s4 from Equation (25).

Lemma 5.7. For all (s,t) € Z?, we have X o fu(sp 0 X = V(sit ).

Proof. We can check this by direct computation. We show that the equation holds on even
coordinates. The 2i-th coordinate of ji(sy) o A is given by

-1
1 — @9ips - (D245 — 1) o I — 224544

Toivstt - (Toirstt — 1)1 Zojpsre(Toips — 1)

The 2i-th coordinate of A oy, o A is given by

-1
( I — ZToipsyt > ) ( I — Toipsye _ 1) _ 1 — 2oyt
$2i+s+t($2z‘+s - 1) x2i+s+t(x2i+s - 1) 1- x2z‘+s+t~r2i+s7
which is precisely the 2i-th coordinate of v,y ;. The computation for the odd coordinates
is similar. 0
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Since A is an involution, it immediately follows that A o vy o A = pi(s4¢,—¢). This allows
us to obtain a formula for 75 with respect to the conjugated corner invariants.

Proposition 5.8. Given any 3-nice twisted n-gon P, the following formula holds (indices
taken modulo 2n ):

By = - Tt Td)0 - o),

(1 ‘T;21+1$2’L )(1 — Tgi— 1)

)

)

(27)

(1 — ToiyoTairs)(1 — Ty
(1 — Zof9ir3)(1 — Taige

~/ ~
Lojy1 = L2i43

Proof. From the proof of Proposition 5.3, we saw that the formula for 73 on the corner
invariants is given by v(_; 1) o p3,—3). It follows that the formula for conjugated corner
invariants is A o (1/(,17,1) o u(g,,g)) o A. By Lemma 5.7,

Ao (V10 piss) 0 A= (Ao w0 A) o (Ao g5 0 A) = H2) © Vo).

It remains to check that fi_21) © 193 agrees with Equation (27). The 2i-th coordinate of
H(=2,1) © V(0,3) is given by

(1 . 1- ‘%21'72 ) . ( 1- i’2i71 )1 _ j2i72<1 - £2i71j2i74)(1 - j2i+1)
~ ~ ~ ~ ( ~ ~ ~ .

1 — Zgi 2Tt 1 — Z9i 1294 1 — T9i—0T9iq1)(1 — Ti—1)

This is precisely &, from Equation (27). The computation for odd coordinates is omitted. [

Using Lemma 5.4, we can easily compute the formula of T ' with respect to the conjugated
corner invariants. The proof is again a direct computation, so we omit it.

Corollary 5.9. The formula for T5 L with conjugated corner invariants is given by 14(0,3) ©
V(2,—3). More specifically,

(1- $21+1x2z+4)(1 552z1

L )
Lo = To; . )
(1= T 1$2z+2)(1 5’7224-1) (28)
i+1 = L1
(1 x2z+2$21 1)( %z)
5.3 Relation to Y-Variables
In this section, we discuss how Equation (18) generalizes the results from | ]. The

propositions in this section hold for all four cells S, (I, J), S,(J, 1), Su(K,J), Sn(J, K). For
notation convenience, our statements will only mention S, (./, I). The readers should assume
that the propositions hold for the other three cells with the same proof.

The map T3 along with the labeling convention of Equation (18) corresponds to the
following construction in | ]. Let a, b, c,d € Z?* be distinct and assume ay < by < ¢y < do.
Say that S = {a, b, c,d} is a Y-pin if by < ¢ and the vectors b — a, ¢ — a, d — a generate all
of Z2.
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Definition 5.10 (| , Definition 1.4]). Let S = {a, b, ¢, d} be a Y-pin and suppose D > 2.
A Y-mesh of type S and dimension D is a grid of points P,] in RPP with i,j € Z which
together span all of RP? and such that

° IADTHL, ]5T+b, ]5,.+C, ]57«+d are distinct for all r € Z2.
o Let L, = pr+apr+b. Then, PHa, IE’Hb, ]3T+C, Pr+d all lie on L, for all r € Z2.
e The four lines L, o, L.y, Ly, L4 (all of which contain Pr) are distinct for all
r e 72
Let S = {(~1,0),(2,0),(0,1),(1,1)}, which is a Y-pin. Given a representative P of some
[P] € S,(J, 1), we can consider a grid (P ;) jezz where P, ; is the i-th vertex of T3 (P).

Proposition 5.11. (P”) is a Y -mesh of type S and dimension 2.

Proof. The first two conditions of Definition 5.10 are straightforward to verify using the
identification S,(J,1) = &%, from Proposition 4.10. For the third condition, let PV =

TJ(P). Then, we have
Lr—a — Pi(i)lpA(J) LT, — P(]) P( ) Lr—c — P-(J) P‘(J)

429 11— 4> —17 7

Ly =PI P,

Notice also that L,_, = f’i(jJrl)f’Z(ffl and L, = B(zgl)Pi(ffl), so 3-niceness of PUTY implies

they are distinct. The other pairings are distinct because of 3-niceness of P, O

[ ] then introduces the y-variables associated to a Y-mesh. Fixa Y-pin S = {a,b, ¢, d}
and a Y-mesh P of type S and dimension D. For all r € Z2, consider

yr(P) = _X<Pr+aa pr+Ca pT+d7 ]Sr+b)- (29)
See the left side of Figure 23 for the setup using the Y-mesh from Proposition 5.11.] ,
Theorem 1.6] give us the following relation on the y-variables.
(14 yi—1,541) (1 + Yigz11)
(1+ Z/;,jl+1)(1 + y;rl2,j+1>

Yiv1,j Yit1,4+2 = (30)

Lemma 5.12. Given a representative P of [P] € S,(1,J) with conjugated corner invariants
T; =1;(P). Let (P;;) be its corresponding Y -mesh with y-variables (y,)yezz. For all i € Z,

Yio = —T2iT2i43. (31)

Proof. Let lyp = PiyoPitp. See right side of Figure 23 for the setup. Equation (8) gives us
T
To; — 1
Notice that (I;—1Nly—1) N (l12Nlp2) = Pi—1 P42 = [_15. Then, from elementary cross ratio

identities we have

L2543

To; = = X(l1,72> 51,71, l1,2, ll,o); Toip3 = = X(l0,3, 10,2, lo,fl, lo,l)-

Toiyz — 1

ToiToiq3 = X(li,—1 N2, Lo N1 9, los N 12, lo2 N l_12)
= X(ﬁ)i—l,m pz’,h Pz’+1,1, 15z‘+2,0) = —Yi0,
which is precisely Equation (31). O
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Figure 23: Left: Definition of y-variables for the Y-mesh from Proposition 5.11. Right:
Relationship between y-variables and conjugated corner invariants.

Theorem 5.13. For the Y-pin S = {(—1,0),(2,0),(0,1),(1,1)}, the y-variables transfor-
mation formula from | , Theorem 1.6] is a direct consequence of the birational formula
for the conjugated corner invariants under Tj.

Proof. It suffices to show that we can use Equation (31) to derive (30) for j = —1. We first
compute ;41,1 and y; 41,1 using Equation (27) and (28):

_j2i+4<1 - j2i+3j:2i+6)(1 - j2i+1) . '%21;4-3(1 - j2i+lj2i+4)(1 - 5%27;4-6)

Yit+1,—1 = p = = = o =
et (1 - $2i+1x21+4)(1 - 5172i+3) (1 - $21‘+3l‘21;+6)(1 - 3721'+4)
_ _572i+352i+4(1 — Z9it1)(1 — 502i+6)_
(1 — Zoi43)(1 — Toi44) ’
- . - - - . . . (32)
y . Toi(1 — Toi o¥2i41)(1 — Toi43)  Toirr(1 — ToipeTairo) (1 — T2i44)
it1,1 = — —— - : - = =
i (1 — Z9;@2i43) (1 — Toiy1) (1 — ZoiraZoirr)(1 — Taite)
_ _522‘532i+7(1 + Yic10) (1 + Yir30) (1 — Tois) (1 — Taia)
(1 +9i0) (1 + Yir20) (1 — T2i41) (1 — T2i16)
It follows that
B ToiToiraT2i+4T2i47(1 + yic1,0) (1 + Yitso)
Yi+1,-1 Yi+11 =
(1+yi0)(1+ yit20)
_ YioYit2,0(1 + vi—1,0) (1 + yits0) _ (14 vyi—10) (1 + Yigso)
(1+i0)(1 + Yir20) (1 + y;0) (1 + Yira0)
This concludes the proof. O

6 The Precompactness of 73 Orbits

In this section, we establish four algebraic invariants of T5. We then use them to prove
Theorem 1.3. Having Theorem 4.6 in hand, we may fully work with S, (J,I) and S, (K, J).
Our strategy is to use the algebraic invariants to show that the corner invariants are uniformly

bounded.
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6.1 The Four Invariants
Proposition 6.1. Given [P]| € P, with corner invariants x; = x;(P), consider the following

four quantities F; = Fi(P):

n—1 n—1 n—1 n—1

]__1:1—[ To; ]_-2:1—[ Toiy1 ]_-3:1—[ in; ]__4:1—[ 1 —ay (33)

Ty — 1 Toipq — 1 Toi41 1 — @i
i=0 i=0 =0

=0

Then, F; is invariant under Ty for 1 =1,2,3,4.

Proof. We first show that F3 is invariant under 75. Let F4 denote the invariants obtained
by plugging in 2 from Equation (24). Observe that
n—1 n—1
Fl—F H Toig + P31 — 1 H Toiv2T2i43 — (1 — 2i45) (1 — T9;) .
Toiyo + Toips — 1 T2i—2T2i—1 — (1 - $2¢+1)(1 - -7321'74)

=0 =0

The two products of fractions on the right-hand side both equal 1. This can be shown by
applying cyclic permutations to the indices of the numerators. Therefore, F; = F3.

Next, we show that F; and JF; are invariant. Using conjugated corner invariants, we see
that 7, = [[/2y @2 and Fo = [[/2g Fair1. We let Fj = [[/2y @ be the first invariant of
T5(P). Equation (27) gives us

n—1

1 - SZ.Qifl'%Qifﬁl)(l - i2i+l)
F=F R Tl :
! ! g (1 - 96’2i+1$2172)(1 - 9521'71)
12 (1 — Foip1Tai o) I (1= @aia)
[1770 (1 — Zoiadnia)  [115y (1 — @2im1)

This shows F| = F;. The proof for F, goes through the same computation, so we omit it.

:fl' I.Fl.

Finally, observe that F, = f;—lf?’, so by invariance of Fi, Fs, F3, we know that F, must
also be invariant. This concludes the proof. O

Remark 6.2. As shown in the proof of Proposition 6.1, F; and J3 correspond to the product
of conjugated corner invariants. Fj is the ratio of the two Casimirs % of the T5, invariant

Poisson structure on P,. For discussions on F3 and the Casimirs, see | , §2.3]. Also,
since F1F, = FoF3, the four Ty invariants are not algebraically independent.

Below is a direct consequence of the invariance of the F;’s. Since the JF;’s are preserved
by the forward action, it must also be preserved by the backward action.

Corollary 6.3. The four invariants JF1, F, Fs, F4 are also invariant under Ty .

6.2 Proof of Theorem 1.3

Recall that a subset A of a topological space X is precompact if the closure of A is compact.
To show that the T3-orbit is precompact, it suffices to show that the corner invariants of the
orbit are uniformly bounded away from the singularities 0, 1, co.
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In this section, we let [n] := {1,...,n}. Given [P]| € P,, for all j,m € Z, let z;,, =
xj(T3"(P)) whenever T3"(P) exists. Let F;,, = Fi(T3"(P)) for ¢ = 1,2,3,4. By Propo-
sition 6.1, F;,, is independent of m. All sequences are indexed by Zs( unless specified
otherwise. Finally, when we say “{a,,} converges/diverges on a subsequence, and {b,,} con-
verges/diverges on the same subsequence,” we mean that a subsequence of {b,,} with the
same choice of indices as the subsequence of {a,,} converges/diverges.

Lemma 6.4. Given [P] € S,(J,1), there exist a,b € J such that x4;,, € |a,b] for all i € [n]
and m € Zs.

Proof. We first claim that for each i, the sequence {z;,,} is bounded above uniformly by
some b; € J. If not, then zy;,, — 1 on a subsequence, which implies 1 — x9;,, — 0 on the
same subsequence. Since [T3*(P)] € S,(J,I) for all m € Zs,, we must have 1 — xq;,, €
(0,1) and (1 — @gj41.m)" " € (0,1) for all j € [n]. This implies F;,, — 0 on the same
subsequence, but that contradicts invariance of Fy,,. Therefore, {x9;,,} is bounded above
by b; = sup,, {72im} € J. Taking b = max;cp, b; satisfies the condition in the lemma.

Next, we show {2;,,} is bounded below uniformly by some a; > 0. If not, then zs;,,, — 0
on a subsequence, S0 Ty + (T2im — 1)~! — 0 on the same subsequence. From the argument
above, 3, < bforallm € Zsg and j € [n], which gives us |22; - (T2j,,—1) 7| < |21, so the
sequences are uniformly bounded for all j # 4. This together with |xg; - (72im—1)"'] = 0 on
a subsequence implies |Fi | — 0 on the same subsequence, but that contradicts invariance
of Fim. Therefore, {23, } is bounded below by a; = inf,,{x2;m} € J. Taking a = min,ep,) a;
completes the proof. O]

Lemma 6.5. With the same notation as in Lemma 6.6, there exist c¢,d € I such that
Toiv1m € [, d] for alli € [n] and m € Zsy.

Proof. We first claim that for each i,the sequence {z2;41m,m} is bounded above uniformly
by some d; € I. If not, then, zg; 11, - (T2i41.m — 1)™* — 0 on a subsequence. Since
Toji1m * (Tojp1m — 1)7F € (0,1) for all j € [n], we must have F5,, — 0 on the same
subsequence, but that contradicts invariance of F3,,.

Next, we show that {z2;+1,,} is bounded below uniformly by some ¢; € I. If not, then a
subsequence of {Z9; 11, } must diverge, so the same subsequence of {1—x;41 ,,} also diverges.
Lemma 6.4 and xg;11,, < d; < 0 together implies F, ,, diverges on the same subsequence,
but that contradicts invariance of Fy,,. Finally, taking ¢ = min;c, ¢; and d = maxep,) d;
completes the proof. O

The proofs of the following two lemmas are analogous to Lemma 6.4 and 6.5. We will
omit the details and point out which invariants to use in each step.
Lemma 6.6. Given [P] € S,(K,J), there exist a,b € J such that x2;11,, € [a,b] for all
i € [n] and m € Zsy.

Proof. For each i, the sequence {x9;11.,} is bounded below by some a; € J, for otherwise
n—1

F3m diverges on a subsequence. Next, since {|F3,,[} is bounded below by [];Zj a; > 0,
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{@2i11,m} is bounded above by some b; € J. Taking a = min;cpya; and b = max;ep, b;
completes the proof. O

Lemma 6.7. With the same notation as in Lemma 6.6, there exist c,d € K such that
Toim € [c,d] for alli € [n] and m € Zsy.

Proof. For each i, the sequence {xg; ,, } must be bounded below by some ¢; € K, for otherwise
Fim — 0o on a subsequence. It’s also bounded above by some d;. To see this, Lemma 6.6
implies all corner invariants are bounded away from 0, so if {x9;,,} is not bounded above,
then F3,, diverges on a subsequence. Taking ¢ = min; ¢; and d = max; d; completes the
proof. O]

Proof of Theorem 1.3. We will show that the forward T3 orbit of [P] € S5, = S,(J,I) has
uniformly bounded corner invariants. By Proposition 4.10, [P] € S,(J,I). Let [a,b] C
J, [e,d] C I be compact intervals derived from Lemma 6.4 and 6.5. Then, the sequence
{(Zoms - - s Ton_1,m)} is contained in [[7=, [a,b] X [¢, d], so it is uniformly bounded. To show
precompactness of the backward T3 orbit of Sf',, one can adapt the proofs of Lemma 6.4

and 6.5 with very few changes. We omit the details. The case S?’i ,, follows from Lemma 6.6
and 6.7 by essentially the same argument, which we again omit. O]

7 Type-$ 2-Spirals and Precompact 7T, Orbits

7.1 The Corner Invariants of Type-/3 2-Spirals

We finish this paper by discussing the type-£ 2-spirals. Proposition 3.10 implies Sg n 1S
disjoint from the moduli space of closed convex polygons, so 85 ,, 1s @ new invariant geometric
construction under the pentagram map by Theorem 1.1. In this section, we analyze the
corner invariants of 85 ,, and show that just like the type-a and type-/3 3-spirals, it is cut out
by linear boundaries.

Proposition 7.1. For all n > 2, given any [P] € Sgn with corner invariants x; = x;(P),
we have xo; > 0 and x9;1 < 0 for all i € [n].

Proof. Let P be a (i—2)-representative of [P]. Normalize by Aff; (R) so that P,_; = (—1,0),
P, = (0,0), P,y1 = (0,1) on the affine patch, which is possible because (P,_1, P;, Pi11) is
positive. Let s, € R U {oo} denote the slope of P,i,P. Positivity of (Pi_a, Pi_y, FP;)
and P,y € int(P_o, Py, P;) implies s_y_5 > 1 and s;_» > 1. Similarly, since P,1o €
int(P,_1, P, Piy1), we have s_10 € (0,1) and s15 > 1. It follows that

s —S1.1)(810— 58 S1_9—1
o (1 -2 1, 1)(10 12):_ 1,-2 > 0;
(81 -2 — 81 0)(51 -1 — 51 2) 1— 51,2
(34)
(571,2 — S5 1)(8 1,0 — S-1, 2) . —871,72(571,2 - 1)
T2i+1 = <0
(371,2 — S5 0)(3 1,1 — S—1, 2) 571,2(1 - 571,72)
This concludes the proof. O
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P4 P

Figure 24: Configuration of Proposition 7.1 and 7.2.

Proposition 7.2. For all n > 2, if [P] € P, has corner invariants x; = x;(P) such that
To; > 0 and x9;41 < 0 for all i € [n], then [P] € Sgn.

Proof. Fixing N € Z. Let P be a representative of [P] such that Py_o = (1,4), Py_1 =
(—1,0), Py = (0,0), and Py41 = (0,1). We say P satisfies condition (xx); if (Pi_1, P;, Pi11)
is positive and P;.o € int(P,_1, P;, P;11). Then, P is a type-8 N-representative of 2-spirals
iff P satisfies (xx); for all 7 > N. Notice that P satisfies (x%)y, so by an induction argument,
it suffices to show that for i > N, if P satisfies (sx*);, then P satisfies (%) 1.

If P satisfies (x*);, then (P;_1, P;, Piy1) is positive. Normalize by Aff; (R) so that P;_; =
(—1,0), P, = (0,0), and P; = (0,1). We will use the same notation l,; and s, as Proposition
7.1. Since P,y € int(P,_o, P,_1, P;), we have s_1 _5 > 1 and s;,_5 > 1. Then, since x9; > 0
and z9;41 < 0, Equation (34) gives us

S1,-2 — 1

(e — 1
>0 and Sot2(5-12— 1)

< 0.
51,2 — 1 8—1,2(8—1,—2 - 1)

1
5-1,2

It follows that s;o > 1 and 1 — ﬁ < 0. The latter inequality implies > 1, so in

particular s_1 o > 0 and hence s_;2 € (0,1). The two conditions s;o > 1 and ’3_172 € (0,1)
implies P o € int(P;_1, P;, Piy1) and (P;, Piyq, Pyyo) positive, so P satisfies (x%);, 1 as desired.
We conclude that [P] € 85 - O

7.2 The Precompactness of 7, Orbits

We adapt the argument for Theorem 1.3 to give a quick proof of Theorem 1.4 using the
Casimir functions of the Th-invariant Poisson structure on P, that were developed in | ,
Theorem 1.2]. One can find the proof of the following lemma in | , §2.2].

Lemma 7.3. For the map Ty acting on a twisted n-gon P with corner invariants x; = x;(P),
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one has the following four invariant quantities.

n-1 n—1
O1(P) = Z(_$2i+l + T2 102 %2i41); On(P) = H Toit1;
=0 i=0
n—1 n
Ey(P) = Z(—@i + Toi_2T9i—129;); E.(P) = szi.
=0 i=1

We continue to use the notations from §6.2. In addition, we write Oy ,,, = O1(15"(P)). We
define O, ,,, E1 m, and E, ,, analogously. By Lemma 7.3, the values of these four quantities
are independent of the choice of m.

Lemma 7.4. For alln > 2, given [P] € Sg’n, there exists a,b > 0 such that xa;,, € |a,b] for
all i € [n] and m € Zxy.

Proof. Fix i € [n]. We first show that z; ,,, is uniformly bounded above by some b > 0. Since
5" (P) € Szﬁ’n for all m € Z>(, we must have F,,, < —2;,, < 0. Then, if x5, — co on a
subsequence, F ,, also diverges on the same subsequence, but that contradicts invariance of
E, . This implies xg;,, < b; for some b; > 0. Taking b = max;¢[, b; satisfies the condition
in the lemma.

Next, we show that xg;,, is uniformly bounded below by some a > 0. We first notice
that E,,, < b?. This implies if x9;, — 0 on a subsequence, then E, ,, — 0 on the same
subsequence, but that contradicts invariance of E,, ,,,. Therefore, x9;,, > a; for some a; > 0.
Taking a = min;ep,) a; completes the proof. O

Lemma 7.5. For all n > 2, given [P] € Sgn, there exists ¢,d < 0 such that xei41.m € [c,d]
for all i € [n] and m € Zxy.

Proof. The argument is analogous to the proof of Lemma 7.4. Fix ¢ € [n]. To find ¢; that
bounds {x9;+1m,} uniformly from below, we use the fact that Oy, > —z9+1 > 0. We then
set ¢ = mingepy) ¢;. To find d; that bounds {2941} uniformly from above, we use the fact
that |O,(P)| < |c"|. We then set d = max;c[, d; to complete the proof. O

Lemma 7.4 and 7.5 together implies that the forward Ts-orbit of any [P] € 85 . 1s pre-

compact in P,. One can use the same argument to show that the backward Ts-orbit is also
precompact. We have thus completed the proof of Theorem 1.4.

8 Appendix

8.1 Conjectures for Invariants

Given [P] € Py, we may consider the following quantity:

Yr,i(P) = —x(Pi, PPy N Pio1 Piyi—1, PiPik N P Py, Pigr).
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Observe that yy;(P) is a y-variable of the Y-pin S = {(0,0), (k,0),(—1,1),(0,1)}, which
corresponds to the map T} labeled by Equation (1). The proof is essentially the same as the
one for Proposition 5.11, so we omit it.

Conjecture 8.1. For all k,n > 2, given [P] € Py, we have

n n

[T ves(P) =TT vwi(T(P)). (35)

i=1 i=1

We prove Conjecture 8.1 for k = 2 and k = 3. Let x; = x;(P) be the corner invariants
of [P]. The case k = 2 follows from the fact that ys;(P) = —%9i 112212 (] , Equation
(2.2)]), s0

H Y24 (P) = (=1)" H Toi1P2ir2 = (—=1)" On(P) En(P),

which is T,-invariant by Lemma 7.3.
For the case k = 3, Equation (31) implies

n n

Hyg,,i(P) =(=1)" H o _x2i562¢+3 — (=1)" Fi(P) Fa(P),

i=1 i—1 1)(952i+3 - 1)

which is Ts-invariant by Proposition 6.1.
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